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The Cabri 3D software for exploring solid geometry was launched at CabriWorld2004 in Rome this month.  It promises to revolutionise computer assisted visualisation and reasoning in 3D geometry in much the same way as the earlier `dynamic geometry software’ (DGS) has done for plane geometry.  

The techniques of computational geometry developed through `computer aided design’ (CAD) were applied in industry using what would have been state-of-the-art computers of the 1960s and 1970s but which were less powerful than many of todays `personal data assistants’ (PDAs) found in high-street stores.  One of the earliest applications of these techniques to a package for educational 2D geometry was Judah Schwarz’s The Geometric Supposer of the early 1980s from MIT.  This ran on one of the earliest personal computers, the Apple II, using one of its `game paddles’ as the analog input for `dragging’ points and other objects and displaying results on a monitor or TV screen with a palette of just a few colours and a resolution of around 300 by 200 pixels.  Cabri Géomètre was developed by Jean-Marie Laborde at the IMAG laboratories of the University of Grenoble, initially as a tool for graph theory.  In the early 1990s it was developed as a tool for `pure’ plane geometry using the original Apple Mac with its one-button mouse for analog input and its built-in monochrome monitor for display.  Now there are versions of Cabri Géomètre for Texas Instrument hand-held devices such as for the TI-92/Voyage 200 (which uses the same Motorola 68000 chip as the original Apple Mac) and for the TI-83/84 Plus graphical calculators (which use the same Z80 chip as the original RM 380Z classroom computer of the 1980s).  Modern packages such as Cabri Geometry II Plus and the Geometer’s Sketchpad have many more mathematical and graphical features which make them suitable for a much wider range of modelling and analytic approaches.  Both packages qualify for the current `E-learning credits’ available to schools in England.

Mathematical techniques to provide realism in 3D solid geometry were also developed in the industrial CAD world, but have found more widespread popular use in the plethora of computer games, animations and films which use `virtual reality’.  This means that the powerful graphics cards inside the more powerful current PCs and laptops contain processors, memory and algorithms which can manipulate mathematical models of 3D objects with great speed and accuracy to give the impression of continuous movement.  The designers of Cabri 3D have taken advantage of this technological leap in personal (and educational) computing to completely re-engineer their approach to developing geometry software.  As we shall see, the user interface of the current version of Cabri 3D is built on the same DGS idea of constructing objects from sets of primitive objects using geometric operations, such as intersections and transformations.  No doubt further developments will include more analytic tools such as measurements, coordinates and equations – but for the moment we have quite enough to be going on with!  In order to give a flavour of the approach I have taken an amazing result from the solid geometry developed by the ancient Greeks to show how we can build this up as a 3D model inside the computer and so be able to see a variety of true perspective views on its 2D display.
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Here is the result of a set of operations starting with the ground plane and set of axes provided by Cabri 3D when you start a new figure. 

There are 7 icons on the toolbar.  Using the 5th icon you can create objects parallel or perpendicular to existing objects.  Selecting the ground plane and the point V you can thus create a line through V perpendicular to the ground.  Using the 2nd icon you can create a point X anywhere on this line.  Using the 5th icon you can create a line through X parallel to the axis VY.  With the 2nd icon you can create a point K anywhere on this line.  Using the 3rd icon you can create a circle with VX as axis through the point K.  With this circle and the vertex V we are ready to define a cone whose angle can be varied by sliding K– but we will do some more line constructions first.  Using a right click on an object, such as the line through X parallel to VY you can select a variety of styles for showing the object, including the choice to hide it.  So the figure above has had quite a few of its construction objects hidden.  Using the 3rd icon the segment VK has been created, and using the 6th icon its reflection in VX has been created.  With all the framework for the cone in place we can now turn to setting up an intersecting plane.
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With the 2nd icon a point T is created on VX, and a point B on VK.  With the 3rd icon a ray from B through T is created, and with the 2nd icon its intersection A with the reflection of ZK is created.  Thus the points T and B are `sliders’ which determine the position and angle of a plane cutting the cone.  Using the 4th icon we can define a plane through segments ZK and ZX, and with the 5th icon a line through T perpendicular to this plane.  Using the 4th icon we can create the plane containing this line and the point B, and also the cone with vertex V through the circle with XK as radius.  Using right-clicks we can now select the style, size and colour of some of these objects – e.g. using hatching for the cone.  Finally we can use the 3rd icon to create the intersection curve of our inclined plane, determined by T and B, with the cone determined by V and K.  This conic section, showed in red, is clearly an ellipse – but unfortunately all references to such conic sections in the English mathematics syllabuses up to and including A-level have now disappeared! 

The remarkable theorem we are working towards is that the points E, F, which are the `foci’ of the ellipse, are the points where spheres inside the cone above and below the inclined plane would touch it!  So, returning to the first figure we note that all the labelled points lie in the VXY plane (except Y ) and that only the green circle and red ellipse are not contained in this plane.  Using the right-mouse button you can spin any Cabri 3D figure in `space’ to show it from different points of perspective.  

Now we have to use some geometrical problem solving to find the centres P,Q of the spheres, their points of contact R,S with the slant side of the cone VK and E,F with the ellipse’s axis AB.  In 2D we can argue that the quadrilateral QFBS must be a right-angled kite – since FQ = QS (radii of the sphere/circle), (QFB = (QSB = 90( (FB and SB are tangents), FB = SB (ditto).  Hence Q lies on the bisector of the angle (FBS.  To construct this we can create the line through B parallel to VZ, and the circle with this as axis passing through T.  This circle will meet the rays from B through T and from B through K in 2 points.  Using the 5th icon we can construct their midpoint, and hence create the ray from B through this midpoint.  Its intersection with the ray VX is the centre Q of the required circle/sphere.   We can find the plane perpendicular to AB through Q, and hence its intersection F with AB.  Reflecting F in BQ we can find S.  The reader is invited to complete the plan for the construction required to find points P, E and R as shown.
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Once we are convinced that our arguments and constructions are accurate then we can hide or re-format existing objects, as well as create new ones such as spheres shown in the third image.  If we have argued correctly then if we change any of the defining parameters K, T and/or B then the configuration should change accordingly e.g. so that the centres and radii of the two spheres take up new positions so that E and F adjust to be the new points of contact.  

Note that in this demonstration we have just set up a `working model’.  In order to prove the result about E, F being the foci of the ellipse we will need to turn to 2D geometry and use a convenient definition of an ellipse and its foci.  

Here are some images showing just a few examples from the range of opportunities in solid geometry opened up by Cabri 3D!  The first 6 images illustrate experiments to see which of the triangle centres can be generalised to 3D using tetrahedra.  It appears that the altitudes do not meet, in general, whereas the medians do, in point G.  There are also generalisations for the circumcentre O and incentre I! 
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Here are some other familiar kinds of images, including Buckminster Fullerine!
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