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This is a preliminary report on discoveries made, and results proved, by a small group of members of the Mathematical Association – Michael Fox, Adrian Oldknow, John Rigby and Sir Christopher Zeeman – in the course of one month.

I am assuming that the reader can see the diagram below in colour – either on their computer screen, or via a colour printer. The main structure is the tetrahedron ABCD each of whose edges is divided at a point on the edge into two different coloured segments.  This is because the tetrahedron is formed by the centres of four spheres each of which touch the others externally at the division points of the edges.    
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A tetrahedron has 4 vertices, 6 edges and 4 faces.  To each edge like AB there is an opposite edge like CD with which it shares no common point.  The special property of the tetrahedron above is that the sums of lengths of each of the 3 opposite pairs of edges are equal – to the sum a+b+c+d of the four sphere radii.  So we call this a `4-ball tetrahedron’.  One if its known properties is that the 6 points of division of the edges all lie on a sphere, called the midsphere.  This midcentre is shown as the green point M.  Each edge is a tangent to the midsphere at the division point.  Another known property is that the 3 joins of opposite division points all pass through a common point – a result proved by Brianchon in 1806 as the dual of Pascal’s hexagon theorem of 1639.  This `Brianchon point’ Z is shown in pale blue.  The line MZ joining the midcentre and the Brianchon point has a particular significance, since it contains the centres S,S’ of two special spheres – shown in pink.  

S is the inner Soddy centre of a sphere which lies in the space between the 4-balls and touches each of them externally. S’ is the outer Soddy sphere which surrounds the 4-balls and touches them internally. We have proved that the Soddy centres lie on the line shown, which we call the Soddy line of the 4-ball tetrahedron.  Additionally the four points Z,S,M,S’ on this line form a harmonic range. 
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I will now try to explain the significance of the remaining clutter in the diagram!  Imagine keeping the radii of 3 of the 4 balls fixed – such as a,b,c – and changing the radius d of the 4th (purple) ball continuously.  Then its centre D will follow a path in space – which we have shown to be a hyperbola – the one shown in purple.  This is because the difference of the distances from its centre to any pair of the other vertices is constant.  As an example consider the triangle ABD formed by the purple, green and red centres – then DA – DB = (a+d)-(b+d) = a-b.  Thus D lies on a quadric surface – the hyperboloid of 2 sheets – with A,B as foci.  Hence it lies on the purple hyperbola which is the intersection curve of the 3 hyperboloids with A,B, B,C and C,A as foci.  Similarly there are hyperbolic vertex loci for A, B and C shown in red, blue and green.  A key result shown in the picture is that S and S’ are the intersections of ZM with all of these 4 hyperbolae.  The proof is obvious - because the S-sphere also touches the A-, B- and C-spheres externally, it lies on the vertex locus of D and similarly it must lie on each vertex locus.  A similar argument holds for S’ and the locus of centres of spheres which surround the A-, B- and C-spheres.

It remains to explain the 4 dotted lines.  These are the Soddy lines for each of the faces of the 4-ball tetrahedron.  The 3 division points of the edges of a face such as ABC are the contact points of its incircle with the 3 edges.  The 3 lines joining vertices to the division point of the opposite edge meet in a common point called the Gergonne point.  It is known the line joining the incentre and Gergonne points of a triangle contain the centres of the inner- and outer-Soddy circles of the triangle.  The 4 dotted lines are the Soddy lines for each face and the grey points on them are the Soddy centres for the face.  We have proved (equally simply) that each hyperbolic vertex locus has the Soddy line of the opposite face as major axis, passes through the Soddy centres of that face and lies in the plane containing the Soddy line and perpendicular to the face.
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